Abstract. Let G be a connected Lie group and let F be a lattice in G (not necessarily co-compact). We show that if («,) is a unipotent one-parameter subgroup of G then every ergodic invariant (locally finite) measure of the action of («,) on G/Y is finite. For 'arithmetic lattices' this was proved in [2] . The present generalization is obtained by studying the 'frequency of visiting compact subsets' for unbounded orbits of such flows in the special case where G is a connected semi-simple Lie group of R-rank 1 and Y is any (not necessarily arithmetic) lattice in G.
Introduction
Let G be a connected Lie group and Y be a lattice in G; that is, G/Y admits a finite G-invariant (Borel) measure. Let («,), eH be a one-parameter subgroup consisting of unipotent elements (that is, each Ad u, is a unipotent linear transformation of the Lie algebra of G). The action of such a one-parameter group on G/Y (on the left) is dubbed a unipotent flow.
In the particular case when G = SL (n, R) and Y = SL («, Z) it was proved by Margulis [6] that for any xeG/Y the positive semi-orbit {u,x\ t >0} of a unipotent flow does not tend to infinity; that is, there exists a compact set K, depending on x, such that the set is unbounded. In [2] the present author strengthened this assertion by proving that for a suitable compact set K the set E K (x) is of positive density; that is, where / is the usual Haar measure on R. Further as an application of this it was deduced that every locally finite ergodic invariant measure of a unipotent flow, and more generally of the action of any subgroup consisting only of unipotent elements, is finite. Using certain standard facts about arithmetic subgroups the above results can easily be generalized to the situation where G is any connected Lie group and Y is an arithmetic lattice in G (cf. [2] for details). In [3] , where the above finiteness assertion was used crucially in the classification of invariant measures of maximal horospherical flows, the author raised the question of whether the results hold also for non-arithmetic lattices. The purpose of this note is to show that that is indeed the case (cf. theorem 4.1).
As a knowledgable reader would recognize, in view of Margulis's arithmeticity theorem the above question reduces to its special case where G is a simple Lie group of R-rank 1. In the present article we shall in fact prove that for any lattice in a simple Lie group of R-rank 1 we can demonstrate an even stronger version of (0.1), where the right hand side is replaced by 1 -e, e > 0 and that the compact set could be chosen to be the same for all unbounded orbits. There are of course, bounded orbits lying outside any given compact set. For these (0.1) holds anyway with the closure as the compact set in question. 
Xc being the characteristic function of C on G/T.
The method of proof is fundamentally different and in some ways more natural than in [2] . However unfortunately it seems to work only for R-rank 1 groups. It may be noted that the method is reminiscent of [4] , where it was proved that for G = SL (2, R) any non-periodic orbit of a unipotent flow as above is in fact uniformly distributed with respect to the G-invariant measure. Combining theorem 0.2 with the results of [2] and arguing as in the latter it is easy to deduce the following, (cf. theorem 4.3). Acknowledgement. It is a pleasure to thank John Smillie, some of whose ideas, learnt by the author while collaborating on [4] turned out to be very useful in proving theorem 0.2.
Preliminaries and notation
Let G be a connected semisimple Lie group of R-rank 1; that is, any maximal vector subgroup whose adjoint action on the Lie algebra of G is (simultaneously) diagonalizable over R is one-dimensional. Let # be the Lie algebra of G and let A be a one-parameter subgroup whose adjoint action on g is diagonalizable over R. Let Z be the centralizer of A, the subgroup consisting of all elements which commute with each element of A. Let $ be the Lie subalgebra associated to Z. There exists a unique character a:A-*U + such that 
where \ s is the characteristic function of X{a, s) in G/Y.
The proof of the proposition will be completed in § 3. As is now justified, along with the data as in theorem 0.2 we shall henceforth assume o -e S t o b e given. Proof. Let g = kaat;, where k e K, aeA s and £ e L. Then » where y e F is any element such that p(gy)t;G B S(S|) , (such a y exists and the value is independent of which one we choose). The crucial point is that if (u,), eR is as in the theorem then ^(u,gF), which is defined for t in various intervals, is a polynomial function in / over each of the intervals and the degree of the polynomial is bounded independently of g and the interval. This follows from the following two lemmas. • In what follows we shall need the following simple result on the behaviour of non-negative polynomials. Proof. The space of non-negative polynomials of degree at most n which are bounded over a closed interval is a compact space (under the topology of uniform convergence on compact sets). Now suppose that the lemma is false. Then for all large j e N there exists a non-negative polynomial fi of degree s n such that fj(O) = c and fj(t) < c for all f e[0, 1], andyj(<)=£ 1/j for all te(l,r). By compactness, there exists a polynomial / which is a limit point of {£}. But then we must have /(0) = c and also f(t) = 0 for all f e(l, r). This is a contradiction.
x G X(a, s) for all t e (a, b). Then there exists y e F such that for all t G (a, b), (y being independent oft). A similar assertion holds for closed intervals.
• 3. Proof of proposition 1.2
In the proof we shall use the following constants. Let M G N be such that n/2 is the dimension of V. Let 5e(0, s,) and c = 5(S) 2 . Let r> 1 be such that n ( r -l ) < e , where e > 0 is as in the statement of the proposition. Let /3 e (0, c) be such that the contention of lemma 2.7 holds for the above values of n, c and r. Finally let 5 € (0, S) be such that /? = S(s) 2 . We shall show that the proposition holds for this value of s. Let x = gY be an arbitrarily chosen element whose (w,)-orbit is unbounded. Put Since the left hand side of (3.2) is a polynomial (cf. lemma 2.5) in t of degree at most n (twice the dimension of V) there are at most n such endpoints (and fewer intervals). Note also that in view of the above, neither a nor b is such an endpoint. • G r (direct product) and for each i = l,2, ...,r, r, = G,nF is an irreducible lattice in G, (cf. [7] ). Evidently F' = r , F 2 . . . F r is a subgroup of finite index in F and hence in proving the theorem we may without loss of generality assume it to be the whole. The theorem would therefore follow if we prove it for each of G t and F, in the place of G and F. In other words we may assume F to be an ireducible lattice. The contention of the theorem is obvious if G/T is compact and on the other hand it follows from theorem 0.2 if the R-rank of G is 1. If neither of these holds then by Margulis's arithmeticity theorem F is an arithmetic lattice in G (in the sense of [7, § 10] ) and therefore the theorem follows from theorem 2.10 of [2] and proposition 10.15 of [7] . (4.2) Remark. An assertion analogous to theorem 4.1 for a cyclic subgroup generated by a unipotent element can easily be deduced from the former. Proof. This can be deduced from theorem 4.1 and the individual ergodic theorem following almost verbatim the proof of theorem 3.3 in [2] . We omit the details. •
